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Recently, Gomes et al. [1] have visualized the gap formation in nanoscale regions (NRs) above
the critical temperature Tc in the high-Tc superconductor Bi2Sr2CaCu2O8+δ . It has been found
that, as the temperature lowers, the NRs expand in the bulk superconducting state consisted of
inhomogeneities. The fact that the size of the inhomogeneity [2] is close to the minimal size of the
NR [1] leads to a conclusion that the superconducting phase is a result of these overlapped NRs.
In the present paper we perform the charge and percolation regime analysis of NRs and show that
at the first critical doping xc1, when the superconductivity starts on, each NR carries the positive
electric charge one in units of electron charge, thus we attribute the NR to a single hole boson,
and the percolation lines connecting these bosons emerge. At the second critical doping xc2, when
the superconductivity disappears, our analysis demonstrates that the charge of each NR equals
two. The origin of xc2 can be understood by introducing additional normal phase hole fermions in
NRs, whose concentration appearing above xc1 increases smoothly with the doping and breaks the
percolation lines of bosons at xc2. The last one results in disappearing the bulk bosonic property
of the pseudogap (PG) region, which explains the upper bound for existence of vortices in Nernst
effect [3]. Since [1] has demonstrated the absence of NRs at the PG boundary one can conclude
that along this boundary, as well as in xc2, all bosons disappear. As justification of appearance of
single bosons, the bosonization of 2D fermions is rigorously proven using the concept of anyons. The
linear density dependence of the energy gap between excited fermionic and bosonic ground states
describes the Uemura relation for 2D superconductors.
PACS numbers: 74.20.De, 74.25.Dw, 74.72.Gh, 74.72.Kf
I. INTRODUCTION
The origin of PG and high-temperature superconduc-
tivity phases in copper oxides is the most puzzling and
challenging problem in condensed matter physics. De-
spite on the intensive experimental and theoretical stud-
ies we have no clear understanding of these phases so far.
A relationship between two phases has become a subject
of wide range theoretical proposals and their possible ex-
perimental testing. A precursor scenario for the PG state
supposes pairing correlations without superconducting
phase coherence [4]. This scenario has been confirmed
by experiments [3, 5]. A description for the PG phase
based on the electronic competing order mechanism with
experimental arguments was given in [6]. Other observa-
tions have associated the PG with a real space electronic
organization [7] which is dominant at low dopings.
The fundamental property of the PG is a partial gap in
the density of states [8] which is observed in various ex-
periments. To understand the nature of this gap the real
space atomic scale scanning tunneling microscopy mea-
surements of the copper oxide Bi2Sr2CaCu2O8+δ have
been performed. For the case of high-Tc superconductiv-
ity the spatial gap inhomogeneities have been observed
in [9, 10], while Pan et al. [2] explicitly determine their
minimal size. The evolution of the nanoscale gap for-
mation with temperature decrease in the PG region has
been investigated by Gomes et al. [1].
In the present paper we study the origin of minimal
size NRs, which were visualized in Refs. [1, 2] through the
measurement of the energy gap. We use the experimen-
tal fact that PG and superconductivity phases are formed
from the NRs. Particularly, we are interested in the elec-
tric charge of NRs. We will employ the information about
the charge to understand some ingredients of doping-
temperature phase diagram of Bi2Sr2CaCu2O8+δ cop-
per oxide. The generalization of our consideration to
other cuprates will be given as well. It is worth to notice
that all physical findings in the paper are inferred from
the analysis of data for the NRs in [1, 2]. The most impor-
tant fermionic nature of the second hole inside NR at xc2
and dopings below xc2 is implied from the meaning of the
second critical doping xc2: at this doping the supercon-
ductivity and hence, the bosonic property of the matter
disappears. The justification of the appearance of single
hole bosons will be given using the concept of anyons.
2In such a treatment the anyon vector potential and the
corresponding statistical magnetic field represent Berry
connection and fictitious magnetic field [11], respectively.
A significant role of the fictitious magnetic field, as a
real quantity originated from the Berry phase, has been
stressed in Refs. [12, 13] in the non-pairing mechanism of
high-Tc superconductivity. We will demonstrate that 2D
fermions can be bosonized. So that the fermion ground
state becomes an excited state with respect to the boson
one. The linear density dependence of the energy gap be-
tween these two states describes the well-known Uemura
relation for 2D superconductors.
In Sec. II we describe the charge and percolation anal-
ysis of NRs on the base of experimental data given in
Refs. [1] and [2]. The analysis provides the interpre-
tation of some elements of the phase diagram doping-
temperature in Bi2Sr2CaCu2O8+δ compound. Sec. III
is devoted to a rigorous proof of the bosonization of 2D
fermions and existence of the bosonic ground state for
any 2D quantum system. Another implication of the
bosonization to investigation of the universal Uemura re-
lation for 2D superconductors is outlined in Sec. IV. We
summarize and conclude our paper in Sec. V.
II. EXPERIMENT IMPLIED SINGLE BOSON
PHASE DIAGRAM
The authors of Ref. [1] have visualized the NRs in the
PG region of Bi2Sr2CaCu2O8+δ compound at fixed hole
dopings x = 0.12, 0.14, 0.16, 0.19, 0.22. It has been deter-
mined that for x = 0.16 and x = 0.22 the minimal size
of the NRs is ξcoh ≈ 1 − 3 nm. The estimated minimal
size of NRs, ξcoh, is about 1.3 nm in the superconducting
phase [2] (Tc = 84K). Another notable result obtained
in Ref. [2] is the observation of spatial localization of the
dopped charges. The charges are localized in the same
area as NRs [2] with the same coherence length ξcoh. Be-
low we will demonstrate that the next spatial parameter,
the mean distance between two holes, r0, is important
to understand the underlying physics. The experimental
doping dependence of r0 can be approximated by the re-
lationship r0 ≈ a/x
1/2 (see Fig. 34 in Ref. [14]), where
a is a lattice constant in the elementary structural pla-
quette for the CuO2 a− b plane of a copper oxide. This
relationship is derived in Ref. [14] for La2−xSrxCuO4
compound with a ≈ 3.8A˚. It is valid for our compound
as well since the lattice constant a of Bi2Sr2CaCu2O8+δ
is a ≈ 3.8A˚ (see the capture to Fig.2 in Ref. [10]). It is
worth to mention that b ≈ a for the lattice constant b of
the same structural plaquette.
A principal part of our analysis is the doping x depen-
dence of the NR charge (ξcoh/r0)
2. We start with a case
of zero temperature. The parameter ξcoh/r0 contains an
essential information in our consideration. The factor
(ξcoh/r0)
2 reduces to the expression x(ξcoh/a)2 which has
a simple physical meaning: it is a total electric charge of
(ξcoh/a)
2 number of plaquettes each of them having a
charge x. On the other hand, the parameter ξcoh/r0 de-
scribes the average spatial overlapping degree of two or
more holes by one NR. If ξcoh/r0 > 1 then all NRs will
be in close contact to each other providing by this the
bulk superconductivity in percolation regime.
In the Table I we outline the doping x dependencies
for the function (ξcoh/r0)
2 for fixed experimental values
ξcoh = 10A˚ (the minimal size of the NR) and ξcoh ≈ 13A˚
taken from Ref. [1] and Ref. [2], respectively, and for
the function ξcoh which fits (ξcoh/r0)
2 to (10A˚/r0)
2 at
x = 0.28 and for x = 0.05 provides (ξcoh/r0)
2 ≈ 1.0.
Numerical values of the ξcoh/r0 are also shown in the
table.
Since in Ref. [1] every NR location in the sample is
tracked with the precision 0.1A˚, we suppose that the
ξcoh = 10A˚ has been measured with a high enough ac-
curacy. In addition, we assume that in Ref. [2] the
ξcoh ≈ 13A˚ is measured with the same accuracy at
x = 0.14. Under this condition, we conclude that the
tendency of ξcoh to growth from 10A˚ to 13A˚ when x de-
creases from 0.22 to 0.14 reflects quantitatively the un-
derlying physics. The data for the resulting parameter
ξcoh/r0 is approximated by the function 2.2x
1/3. The an-
alytic equation for ξcoh expressed in terms of the lattice
constant a is given by ξcoh ≈ 2.2a/x
1/6.
As seen from Table I, the charges (10A˚/r0)
2,
(13A˚/r0)
2, and (ξcoh/r0)
2 vary continuously with the
doping x. This is not surprising because they are func-
tions of r0(x) and ξcoh(x). From the analysis at the first
critical doping, xc1 = 0.05, it follows that the charge
(ξcoh/r0)
2 of the visualized NR in Ref. [1] equals +1. So
that, it corresponds to the charge of a single hole. Notice,
at the critical doping xc1 = 0.05 the percolation param-
eter is given by ξcoh/r0 = 1.0. That means the whole
sample is entirely covered with mini areas ξ2coh = r
2
0 con-
tacting each other. It is unexpected that at the second
critical doping, xc2 = 0.28, the charge of the visualized
NR takes the value +2. This implies that at ξ2coh = 2r
2
0
one has a pair of holes inside the NR and, as a result, the
superconductivity disappears completely. For xc2 = 0.28
we have ξcoh/r0 > 1.0, so that the charge conductivity of
the fermions still remains.
Notice, that there are no particles in the nature with
the fractional charge, except the quasiparticles which can
be produced by many-body correlations like in the frac-
tional quantum Hall effect [15]. Hence, the problem of
the presence of the extra fractional charge inside the NR
has to be solved yet. We remind [1, 2] that PG visualized
NRs constitute the bulk superconductivity phase below
the critical temperature Tc, and therefore, they are a pre-
cursor for that phase. This implies undoubtedly that the
NRs represent bosons at least. At xc1 = 0.05 one has the
charge (ξcoh/r0)
2 = 1, so that one may conjecture that
the NR represents just a boson localized in the square
box ξ2coh.
For x > 0.05 the charge (ξcoh/r0)
2 has an additional
to +1 fractional part. We assign the last one to the
fractional part of the charge of fermion. Thus the total
3charge (ξcoh/r0)
2 of the NR includes the charge +1 of the
boson and the fractional charge of the fermion. However,
as it was mentioned above, the fractional charge can not
exist. Therefore, we take the number Nob of NRs to be
equaled to the inverse value of the fractional part to form
a charge +1 of the fermion. As a result, we obtain one
fermion surrounding by Nob bosons. The values of Nob
are outlined in the last column of the Table 1.
The NRs introduced in such a manner allow to under-
stand clearly the evolution of the fermions in the whole
range 0.05 ≤ x ≤ 0.28 of doping and to explain the origin
of the second critical doping xc2 = 0.28. It is clear, as
x increases, the number of fermions grows up inside the
superconducting phase. By this, at xc2, when the num-
ber of fermions becomes equal to the number of bosons,
one has the breaking of the boson percolation lines, and,
thus the superconductivity disappears.
It is worthwhile to compare ξcoh with the lattice con-
stant a of Bi2Sr2CaCu2O8+δ compound when the dop-
ing x varies. We have 2.6a ≤ ξcoh ≤ 4.5a for variation of
x from xc2 to xc1. However, it is well known that the an-
tiferromagnetic dielectric parent materials are character-
ized by a strong short range magnetic interaction within
the atomic length scale a. Therefore, one may assume
that a is a length parameter for these compounds. The
fact that the size ξcoh is larger than 2.6a leads to a con-
clusion that the visualized NRs are independent from the
dielectric environment (the latter forms only the spatial
square shape of the NR). Due to this, the numerical val-
ues xc1 = 0.05 and xc2 = 0.28 are universal for all hole
doped cuprates. However, at the second critical dop-
ing xc2 the length scale of boson and fermion (the half of
ξcoh) inside NR is comparable to a. Therefore, the parent
compound starts to play a role from the critical doping
xc2. Furthermore, since a coincidence of xc2 with the
PG boundary at a zero temperature has been observed
in various experiments and for all temperatures of this
boundary no NRs, which exhibit gaps, were detected [1],
the plausible intuitive finding would be the total disap-
pearance of bosons along the PG bound line. So that
two fundamental phenomena – the breaking of the bo-
son percolation lines and the disappearance of bosons –
occur at xc2. The first phenomenon indicates the end of
the bulk bosonic property and the end of the Tc curve
as well, whereas the second phenomenon corresponds to
the end of the bosonic property in general. For the PG
region the disappearance of the bulk bosonic property
was detected by observing the onset temperature, Tonset,
for the existence of vortices in the Nernst effect [3]. The
vortices have been seen so far only in quantum Bose sys-
tems. Further evolution of fluctuations with temperature
increase destroys the bosons which totally vanish at PG
boundary.
The schematic single hole bosonic phase diagram for
Bi2Sr2CaCu2O8+δ is depicted in the Fig. 1. The
coloured zones indicate the percentage of the sample that
is gapped at given temperature and doping (in analogy
with the phase diagram shown in Ref. [1]). The solid lines
x (10A˚/r0)
2 (13A˚/r0)
2 ξcoh(A˚) (ξcoh/r0)
2 ξcoh/r0 Nob
0.28 1.939 3.277 10 1.939 1.393 ∼ 1
0.22 1.524 2.575 10 1.524 1.235 ∼ 2
0.16 1.108 1.873 11 1.341 1.158 ∼ 3
0.14 0.969 1.638 12 1.396 1.182 ∼ 3
0.10 0.693 1.170 13 1.170 1.082 ∼ 6
0.05 0.346 0.585 17 1.000 1.000
0.04 0.277 0.468 18 0.897 0.947
0.02 0.139 0.234 20 0.554 0.744
TABLE I: The doping x dependencies of NR charges. The
doping x dependencies for (10A˚/r0)
2, (13A˚/r0)
2 at fixed
ξcoh = 10A˚ and ξcoh = 13A˚, respectively, for the coherent
length ξcoh, the charge (ξcoh/r0)
2 and the percolation param-
eter ξcoh/r0 at this ξcoh are presented. The values for the
number Nob of bosons surrounding every fermion are shown
in the last column.
FIG. 1: Schematic single hole bosonic phase diagram for
Bi2Sr2CaCu2O8+δ.
correspond to the following observed temperatures: PG
boundary T ∗ and onset temperature Tonset for Nernst ef-
fect signals taken from Ref. [3], and the critical tempera-
ture Tc from Ref. [1]. The extrapolation of the connection
of T ∗ with the second critical doping, xc2, is depicted by
the dashed line. The yellow points correspond to fixed
Tonset values from Ref. [3], and the blue points represent
the temperature data for 50% of gapped area of the sam-
ple from Ref. [1] measured at fixed dopings. The thin
brown coloured solid line fits the blue points. The per-
centage for the gapped doping is calculated by using the
equation (1− 1/(Nob + 1)) · 100% under the assumption
that the NRs overlap each other. It is remarkable that
Tonset line is substantially located in the brown coloured
4zones which means there is no bulk bosonic property
above these zones. It is worth to compare the homo-
geneous 100% gap coverage observed in Ref. [1] with our
proposed varying one in Fig. 1 for low temperature and
doping levels 0.12 ≤ x ≤ 0.22. Employing the doping
changing dynamics of the 50% gap coverage obtained in
Ref. [1], we find that this percentage is applicable also at
the second critical doping, xc2, which is shown in Fig. 1
by yellow (60%) and brown (50%) colours. On the other
hand, if we consider the NR charge +1 for the above
interval of doping with further its increasing up to +2,
close to xc2, then we will reproduce exactly the percent-
ages observed in the phase diagram in Ref. [1].
The next interesting finding is that the number of ex-
ternal interstitial atoms sufficient to produce one doped
hole in the dielectric parent material equals to 1/x. For
La2−xSrxCuO4 compound it is a number of Sr atoms,
since the hole doping and the concentration of atoms are
expressed by x. In the interval 0.05 ≤ x ≤ 0.28 this
number varies from 20 to 3.
At the end of this section, we discuss on the perco-
lation threshold of 2D classical systems and compare it
with our 50% one used for bulk bosonic property. If we
remind white and black cells of the chessboard and as-
sume that the black ones represent a region in which the
percolation should occur, it becomes clear that the perco-
lation threshold consists of 50% coverage by this colored
region of the whole chessboard area. The experiment for
some particular system indicates to more than 40% cov-
erage for its value [16] (the numerical simulation for the
same system has confirmed this observed result [17]).
III. REAL BOSONIZATION OF 2D FERMIONS
It might be seem that the appearance of the single
hole bosons in the real matter is too exotic and never
can be realized. Since it is hard even to imagine that
except a pairing of fermions, as in conventional super-
conductors, some other mechanisms can lead to trans-
formation of fermions into bosons. However, the fact
that a− b planes of CuO2 atoms play a dominant role in
the determination of the physics of cuprates provides an
opportunity to exploit the fundamental property of the
two-dimensionality. Specifically, the 2D topology allows
the fractional statistics [18] characterized by a continuous
parameter ν taking values between 0 (for bosons) and 1
(for fermions). The particles with 0 < ν < 1 are generi-
cally called anyons [19, 20]. The quasiparticle excitations
in the fractional quantum Hall regime [21–23] and in cer-
tain quantum magnets [24] can be described using the
anyon concept. One can apply the last one in the study
of properties of the mentioned above a− b planes.
In this section we will present the rigorous derivation of
the real bosonization of 2D fermions. It can be achieved
by exact cancellation of terms in the ground state en-
ergy arisen from fermion (anyon) statistics and a Zee-
man interaction of spins h¯/2 of particles with statistical
magnetic field [22, 25] produced by vector potential of
anyons. As in our recent papers [26, 27], the calcula-
tion will be carried out in the framework of a variational
approach. However, we do not use the cut-off regular-
ization procedure of the logarithmic divergence for the
nearest interparticle distance, as it was done in [26], since
the short-range correlations of particles will be accurately
taken into account in the system wave function. In [28]
the bosonization of 2D fermions has been obtained ap-
proximately using the cut-off regularization.
Let us consider the Hamiltonian
Hˆ =
1
2M
N∑
k=1
[(
~pk + ~Aν(~rk)
)2
+M2ω20 |~rk|
2
]
+
1
2
N∑
k=1

V (~rk) + N∑
j 6=k
e2
|~rkj |

 (1)
of the gas of N anyons with mass M and charge e, con-
fined in 2D parabolic well, interacting through Coulomb
repulsion potential in the presence of uniform positive
background [15] V (~rk). Here, ~rk and ~pk represent the
position and momentum operators of the kth anyon in
2D space dimension,
~Aν(~rk) = h¯ν
N∑
j 6=k
~ez × ~rkj
|~rkj |2
(2)
is the anyon gauge vector potential [29], ~rkj = ~rk − ~rj ,
and ~ez is the unit vector normal to the 2D plane. In
the expression for ~Aν(~rk) and hereafter we assume that
0 ≤ ν ≤ 1.
In the bosonic representation of anyons we take the
system wave function in the form [30] (see also [31]):
Ψ(~R) =
∏
i6=j
rνijΨT (~R). (3)
Here ~R = {~r1....~rN} is the configuration space of the
N anyons. The product in the right hand side of this
equation is the Jastrow-type wave function. It describes
the short distance correlations between two particles due
to anyonic (fermionic) statistics interaction.
Let us consider first the term in the Hamiltonian Hˆ ,
Eq. (1) containing the anyon vector potential ~Aν(~rk).
Substituting Ψ(~R), Eq. (3), in Schredinger equation with
this Hamiltonian, we obtain an equation
˜ˆ
HΨT (~R) =
EΨT (~R) with the novel Hamiltonian
˜ˆ
H =
˜ˆ
H1 +
˜ˆ
H2,
where
˜ˆ
H1 =
N∑
k=1

−h¯2∆k
2M
−
h¯2ν
M
∑
j 6=k
~rkj · ~∇k
|~rkj |2

 (4)
and
˜ˆ
H2 = −i
h¯
M
N∑
k=1

 ~Aν(~rk) · ~∇k + ν∑
j 6=k
~Aν(~rk) · ~rkj
|~rkj |2

 .
(5)
5As shown in Ref. [30], the ν interaction Hamiltonian
in
˜ˆ
H1, i.e., the second its term, is equivalent to a sum of
two-body potentials
πh¯2ν
M
∑
j 6=k
δ(2)(~rk − ~rj) . (6)
Therefore, the Hamiltonian
˜ˆ
H1 now reads
˜ˆ
H1 =
N∑
k=1

−h¯2∆k
2M
+
πh¯2ν
M
∑
j 6=k
δ(2)(~rk − ~rj)

 . (7)
The wave function Ψ(~R) has been used in Refs. [30]
and [31] in approximate perturbative treatment for the
calculation of the ground state energy close to boson end
of anyons ν → 0. Being calculated without the Jastrow
product constituent, this energy displays the logarithmic
divergence problem in regard to the nearest interparticle
distance on which we already mentioned above.
To check the quality of Ψ(~R) for the entire range of
the anyon parameter ν we consider the system of har-
monically confined anyons without Coulomb interaction
and calculate its ground state energy. To do this we add
the parabolic potentialMω20 |~rk|
2/2 inside the brackets in
Eq. (7) thus redefining the Hamiltonian
˜ˆ
H1.
In the variational scheme [26] we minimize the expres-
sion
E =
∫
Ψ∗T (
~R)
˜ˆ
HΨT (~R) d~R∫
Ψ∗T (
~R)ΨT (~R) d~R
. (8)
For energies expressed in units of h¯ω0 = h¯
2/(ML2) and
lengths in units of L the normalized trial wave function
has the following form
ΨT (~R) =
(α
π
)N/2 N∏
k=1
exp
(
−α
(x2k + y
2
k)
2
)
. (9)
Here, α is the variational parameter.
The simple calculation shows that the expectation
value E with the Hamiltonian
˜ˆ
H2, Eq. (5), and wave
function given by Eq. (9), equals zero. Therefore, we will
assume in Eq. (8)
˜ˆ
H =
˜ˆ
H1.
A minimization of the energy E with respect to α gives
the expression for the ground state energy
E0 = h¯ω0N(1 + ν(N − 1))
1/2, (10)
which coincides exactly with Eq. (21) in our paper [26]
found by using the cut-off regularization. In Ref. [26] we
have compared the exact numeric values for the ground
state energy of fermions in the harmonic potential ob-
tained by using the Pauli exclusion principle with ones
calculated by using the Eq. (10) for ν = 1. As demon-
strated in Figs. 1 and 2 of [26], the maximal deviation
(no more than 12%) occurs at small numbers of N and
this deviation tends to zero for increasing N . For large
N and arbitrary ν the formula (10) is consistent (up
to a numerical factor) with the approximate expression
E ≈ h¯ω0ν
1/2N3/2 of Chitra and Sen [32] calculated in
Thomas-Fermi approximation for ν > 1/N . It is obvious
that Eq. (10) reproduces the result of Wu (see the paper
of Wu in Refs. [29]) in the bosonic limit ν → 0. This
analysis unambiguously shows that the Hamiltonian
˜ˆ
H1,
Eq. (7), reproduces accurately the anyon statistics inter-
action for all values of ν and N (there is no doubt that
the harmonically confinement potential does not affect
on the statistics interaction).
Now we demonstrate the real bosonization of 2D
fermions on the example of anyons in parabolic well. To
do this we consider the Zeeman interaction term
h¯
M
N∑
k=1
~ˆs ·~bk (11)
of spins with the statistical magnetic field [25] (see also
[22])
~bk = −2πh¯ν~ez
∑
j 6=k
δ(2)(~rk − ~rj) , (12)
which can be derived if one calculates ~bk = ~∇ × ~Aν(~rk)
by using Eq. (2).
The sign in Eq. (11) is taken according to the stan-
dard definition −~µ ~H of the Zeeman term [33], where ~µ
and ~H are a magnetic moment of a spin and an external
magnetic field, respectively. It takes into account also
self consistently the charge sign of particles and direc-
tion of the statistical magnetic field ~bk. For electrons
with charge e = −|e| adopted in this paper the condition
ν > 0 is correct, while for holes with charge e = |e| one
needs to take ν = −|ν| in the expression for ~bk, and to
change the sign of Eq. (11) itself. In the last case one has
to replace ν with |ν| in all our formulas below.
For sz = h¯/2 and using the expression, Eq. (12), for ~bk
one obtains
h¯
M
N∑
k=1
~ˆs ·~bk = −πν
h¯2
M
∑
k(j 6=k)
δ(2)(~rk − ~rj) . (13)
Being added to the expression, Eq. (7), for the Hamilto-
nian
˜ˆ
H1, this Zeeman term cancels exactly the second one
of
˜ˆ
H1, which is responsible for the statistics of fermions
(for ν = 1) and anyons. Since the energy of bosons is
lower than one for fermions and anyons, there appears
a coupling of spin with statistical magnetic field for ev-
ery particle or bosonization of 2D fermions and anyons.
From this one can conclude, if anyon concept is correct
for the description of any 2D quantum system, its ground
state should be bosonic with ν = 0, while its excited state
should be fermionic (ν = 1) or anyonic (0 < ν < 1) de-
pending of the fixed value of ν.
6It might seem that the subject described in this section
has no relation to real physics since the physical sense of
the statistical magnetic field is unclear or may have an ar-
tificial meaning. However, if we express the gauge vector
potential ~Aν(~rk), Eq. (2), in the form ~A
fic = h¯ν∇2Dχ,
where the expression of the angular variable χ, Eq. (3)
of Ref. [11], is exactly coincides with one for anyons,
Eq. (3.2.31) of book [22], it becomes evident that ~Aν(~rk)
represents the Berry connection and the statistical mag-
netic field is the fictitious magnetic field originated from
the Berry phase [11] of anyons (see book of Wilczek [20]).
As it was demonstrated in Refs. [11–13], the fictitious
magnetic field is a real physical quantity, and its role is
significant in the construction of the alternative mecha-
nism of high-Tc superconductivity.
At the end of this section, one can say that the bosonic
ground state nature of the arbitrary 2D quantum system
is the intrinsic fundamental property of the two dimen-
sionality, which originates from its topology. In the light
of this finding, the appearance of single bosons in the
experiment of Gomes et al. [1] and discussed in the pre-
vious section might be not occasional. Another impor-
tant qualitative issue, which leads from a result of [1]
experiment, is in the following. The random positions in
the real space of the observed pairs totally exclude any
mechanism for the pair formation. Since occasionally
positioned in this space coherent excitations (phonons,
magnons or other quasi-particles), which create pairs, are
problematic, if the system is homogenous. The last ob-
servation deduced from Gomes et al. paper is the funda-
mental argument for the justification of the single hole
nature of the cuprate physics.
IV. ORIGIN OF UEMURA RELATION
Now, it is widely accepted (see Ref. [34]) that the
Uemura relation (UR), the linear dependence of Tc on
concentration of charge carriers, originally observed in
Refs. [35] and [36] for underdoped cuprate, bismuthate,
organic, Chevrel-phase and heavy-fermion superconduc-
tors, survives also for extended class of other super-
conductors and has a fundamental universal character.
There is no doubt that this relation together with other
empirical Home’s law, Ref. [37], for cuprate and conven-
tional (but except the molecular, Ref. [38]) superconduc-
tors plays an important role for the construction of the
mechanism of superconductivity in these materials and
can even be a source for discovering fundamental prop-
erties of the underlying physics. It is worth to remind
that the Home’s law relates a superfluid density (charge
concentration) to the electric conductivity of the normal
state nearly above Tc and Tc itself.
Recently, there was observed a deviation from the
UR into sublinear scale, in which Tc had the de-
pendence on carrier concentration with power less
than unit (more exactly with power close to 1/2),
for the particular Y Ba2Cu3Oy cuprate (see Ref. [39]
and references therein) and in Y0.8Ca0.2Ba2Cu3O7−δ,
Bi2Sr2CaCu2O8+δ and La2−xSrxCuO4 copper oxides,
Ref. [40]. In the second case the deviation was more evi-
dent for doping close to and beyond the optimal one. The
additional deviation from the linear concentration depen-
dence of Tc, with the power of concentration slightly great
than unit (with power 3/2), was reported in Ref. [38] for
quasi-2D molecular superconductors.
However, the experimental data have indicated the
prominent UR for samples with nearly 2D geometry:
Ref. [41] for ultrathin La2−xSrxCuO4 and Ref. [42] for
very thin NdBa2Cu3O7−δ. The problem with uncer-
tainty of power of the carrier concentration was resolved
in the remarkable and unprecedent on precision experi-
mental investigation, Ref. [43], of Tc as function of car-
rier concentration. Authors of Ref. [43] have studied the
power of the dependence as function of number of CuO2
atoms containing a − b layers for Y1−xCaxBa2Cu3O7−δ
cuprate. Varying this number from 40 down to 2, they
observed the changing the power of concentration from
1/2 to unit, thus revealing the obvious relation of UR to
the two-dimensionality of the system. Motivated by this
observation, in the present section we investigate the pos-
sible role of the fermion bosonization, which is a result
of the topology of 2D, to the origin of UR.
In our previous work [27] we have derived an analytic
expression for the ground state energy of the homoge-
neous 2D anyon gas with the Coulomb interaction. This
was done for all values of the statistics parameter ν and
mean distance between particles r0 by flattening out the
confining potential with a simultaneous increase of the
particle number N , but fixed areal density, to obtain the
infinite size system, i.e., the thermodynamic limit. It
has been achieved by the redefining the strength ω0 of
the harmonic potential in the Hamiltonian, Eq. (1), such
that it vanishes with increasing N .
Applying the relationship r0 ≈ a/x
1/2, where a ≈ 3.8A˚
(see Sec. II), we do an estimate values of r0, expressed
in Bohr radius aB unit (rs = r0/aB), corresponding the
doping interval xc1 ≤ x ≤ xc2. One obtains 13.12 ≤ rs ≤
32.14. For this interval of rs we have obtained in Ref. [27]
the expression
E(ν, rs) =
E(ν, rs)
NRy
= EWC +
7νE2WC
3c2WC
(14)
for the ground state energy per particle of the Coulomb
interacting anyon gas. Here, Ry is the Rydberg energy
unit and for large rs the ground state energy does not
depend on statistics and equals to the energy of the clas-
sical 2D Wigner crystal [44], EWC = −c
2/3
WC/rs with
c
2/3
WC = 2.2122.
Taking into account from the previous section that
the excited state of the 2D system is fermionic and the
ground state is bosonic, one can write the explicit expres-
sion for an energy gap between these two states
∆(rs) = E(ν = 1, rs)− E(ν = 0, rs) =
7E2WC
3c2WC
. (15)
7The meaning of this expression in that to become the
fermion the boson should gain the energy ∆(rs). Substi-
tuting in Eq. (15) the expression for EWC and introduc-
ing the 2D density n = 1/(πr20) one derives
∆(n) =
7πna2B
3c
2/3
WC
. (16)
Since the critical temperature Tc is proportional to ∆(n),
one can conclude that the 2D topology driven bosoniza-
tion of fermions may explain the UR for variety super-
conductors, whose physics is quasi - two dimensional.
In Ref. [28], using the expression of ∆(n) for opti-
mal doping, we have obtained the values of the maximal
temperature Tc,max of the doping-temperature phase di-
agram for hole and electron doped cuprates, which were
close to experimental ones.
V. CONCLUSION
Summarizing the paper, we have succeeded in un-
derstanding the following constituents of the doping-
temperature phase diagram of the hole doped copper ox-
ides: (i) the first and second critical dopings have been
a result of emergence and disappearance of the single
hole boson percolation lines, respectively; (ii) the dis-
appearance of the percolation lines leads to the end of
the PG bulk bosonic property or to the end of Nernst
effect signals; (iii) the fact that the PG boundary was a
bound, where the single hole bosons disappear, confirmed
by Ref. [1]. Our findings are consistent with the recent
observation [45] of the superconducting phase consisted
of the array of nanoclusters embedded in the insulat-
ing matrix and of percolative transition to this phase
from the normal phase in Y Ba2Cu3O6+δ. Supercon-
ducting islands introduced in insulating background have
been used for the interpretation of the superconductor-
insulator transition in Bi2Sr2−xLaxCaCu2O8+δ com-
pound [46]. In a recent paper [47] (see also [12]) a sig-
nificant role of the percolation of elementary structural
plaquettes on universal properties of cuprates has been
established. Using 3D percolation mechanism the au-
thors of Ref. [47] succeeded in explanation of the Tc phase
diagram, room-temperature thermopower, neutron spin
resonance, and STM incommensurability.
We have presented justification in the microscopic
treatment of the appearance of single bosons. In rigor-
ous derivation we have obtained the bosonization of 2D
fermions, thus proposing the bosonic ground state for any
2D quantum systems. The crucial role in our consider-
ation is assigned to the concept of anyons. The UR for
2D superconductors has been also understood according
to the fermion bosonization approach. The boson and
fermion mixing nature of PG region, derived from experi-
ment [1], is consistent with our treatment and description
of low temperature non-Fermi liquid heat conductivity
and entropy [48].
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